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Abstract 

Three-dimensional warped anti-de Sitter space in topologically massive gravity with 
a negative cosmological constant has been proposed to be holographically dual to a 
two-dimensional conformal field theory. We extend this proposal to both positive and 
vanishing values of the cosmological constant where stretched warped anti-de Sitter 
space is found to be a solution. For positive cosmological constant, another class of 
warped solutions is obtained by a spacelike (timelike) line fibration over Lorentzian 
(Euclidean) two-dimensional de Sitter space. These solutions exhibit a cosmological 
horizon and Hawking temperature much like de Sitter space. Global identifications 
of this warped de Sitter space may contain a horizon in addition to the cosmological 
one. At a degenerate point, warped de Sitter space becomes a fibration over two- 
dimensional fiat space. Finally, we study scalar waves in these backgrounds. Scalars 
in stretched warped anti-de Sitter space exhibit superradiance which can be inter- 
preted as Schwinger pair production of charged particles in two-dimensional anti-de 
Sitter space. 
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1 Introduction and Summary 

Three-dimensional gravity has proved to be a useful toy model to study questions about 
quantum gravity, however it suffers from the absence of local propagating degrees of 
freedom. The problem of no local degrees of freedom was cured by adding a gravitational 
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Chern-Simons term to the action which leads to a consistent theory of gravity with one 
local degree of freedom [H [2]. Furthermore, adding a negative cosmological constant 
also allows for black hole solutions [3l H] . The most understood case is that of three- 
dimensional anti-de Sitter space (AdS^) which has been studied extensively in the context 
of topologically massive gravity (TMG) |5]. 

Due to the Chern-Simons term, the number of possible vacua of the theory is far 
richer [6l[71[8]. It was proposed in [9], for a negative cosmological constant A < 0, that 
one of these vacua known as spacelike warped-anti de Sitter space (WAdS^) could have a 
two-dimensional holographic dual conformal field theory in analogy to the case of AdS^ 
|10| . Spacelike (timelike) WAdS^ is given by a spacelike (timelike) real line fibration 
over Lorentzian (Euclidean) AdS2- The solutions are specified by two parameters: the 
length scale |A|~^/^ and the warp factor which determines the relative scale of the 
fiber coordinate. 

In this note, we extend the discussion of WAdS^ to both a vanishing and positive 
cosmological constant and identify a new set of vacua for A > 0. The motivation for 
our work is to seek possible stable vacuum candidates for a greater region of parameter 
space in TMG and to explore de Sitter like vacua which contain cosmological horizons. 
We further explore global identifications of such vacua. Also, as a first step towards 
understanding linearized perturbations in these backgrounds, we study massive scalar 
waves in the various backgrounds we discuss. Linearized perturbations in the spacelike 
WAdSs vacuum for A < were discussed in [TT] . 

The first property we discuss is that both spacelike and timelike WAdS^ are in fact 
solutions for all values of the cosmological constant. However, the warp factor can only 
take a particular range for each case. In particular, when A = the warp factor can only 
equal four, whereas for positive (negative) A it is constrained to be greater (less than) 
four. In fact, timelike WAdS^ was first studied for A = in [121113] and a general analysis 
of non-trivial TMG solutions with A = was given in jl4j . It is worth noting that for 
A < the warp factor for both spacelike and timelike WAdS^ can be either stretched 
(a^ > 1) or squashed (a^ < 1) and WAdSs has a significantly different geometry in these 
two regions. 

Global discrete identifications of spacelike stretched warped anti-de Sitter space are 
studied in order to obtain the warped black hole solutions for all values of the cosmological 
constant [Sl El EJ [15]. This allows us to extend the proposal that these spacetimes are 
holographically dual to a conformal field theory to all possible values of the cosmological 
constant. We propose a new set of central charges for positive and vanishing cosmological 
constant and show they are consistent with the asymptotic symmetry group analysis in 
[16] . None of them depends on the intrinsic parameters of the black holes and their 
difference always agrees with the diffeomorphism anomaly computed holographically in 

We then proceed to study a qualitatively different solution given by a fibration of 
two-dimensional Lorentzian (Euclidean) de Sitter space over the real spacelike (timelike) 
line. We refer to this geometry as spacelike (timelike) warped de Sitter space (WdS^). 
It is a solution to TMG only in the presence of a positive cosmological constant. We 
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find the metric in both the static patch as well as the global patch. WdS^ exhibits a 
cosmological horizon and shares various properties, such as the Hawking temperature, 
with the usual three-dimensional de Sitter space. The geodesies are studied and it is 
found that they behave qualitatively similar for all values of the warp factor, in contrast 
to the sharp difference in the behavior of geodesies for stretched and squashed WAdS^. 

Global identifications of WdS^ are subsequently studied. Interestingly, we identify a 
class of solutions with a cosmological horizon as well as a inner horizon but no closed 
timelike curves (CTCs), whose metric was discovered in [6l[71[T5]. This is in contrast to 
the well known fact that there are no smooth asymptotically de Sitter black hole solutions 
in three-dimensional Einstein gravity with a positive cosmological constant. We also find 
that there exists a self-dual type geometry for spacelike WdS^ where the fiber-coordinate 
is identified. 

Finally, we study the scalar wave-equation in both the WAdS^ and WdS^ back- 
grounds. We find that for stretched WAdS^ a superradiance-like effect occurs where 
the scalar acquires a non-zero incoming or outgoing fiux at the boundary. No such ef- 
fect is observed for the squashed case. We also obtain explicit highest weight solutions 
for WAdS^. For the squashed or unwarped case, the conformal weight is real for all 
masses satisfying a Breitlohner-Freedman type bound [18^ I19j. For the stretched case, 
the weight becomes complex for scalars with large momentum along the fiber coordinate. 
We interpret the violation of the Breitenlohner-Freedman bound in terms of Schwinger 
pair production [20j of massive charged particles in AdS2 [21] • The asymptotics of scalar 
fields in WdS^ resemble those of regular de Sitter space with an oscillatory decaying 
time dependence near the boundary. The analogous conformal weight becomes complex 
for large values of the mass or momentum along the fiber coordinate which immediately 
brings the discussions of scalar fields in de Sitter space to mind [22] . 

Below we present a list of some of the known TMG vacua for positive, negative and 
vanishing cosmological constants. Both timelike and spacelike WAdS^ are solutions for 
all values of A whereas timelike and spacelike WdS^ are only solutions for A > and null 
warped AdS^ is only a solution for A < 0. The usual dSs, AdSs and fiat space solutions 
are the only vacua shared by both Einstein gravity and TMG. 

A<0 : {AdS3,WAdS3,Null±} 

A = : {R^'^,WAdS3} 

A>0 : {dS3,WAdS3,WdS3,WR'^'^} 

We should note that WAdS^ is a solution of TMG for A = only in the region 

fjpi'^ > 27, where n is the Chern-Simons coefficient, and WdS^ is only a solution in the 
parameter region < 27. The point fi'^l'^ = 27 is special in the sense that the warp 
factor diverges and neither WAdSs or WdS^ seem to be a solution at that point. At 
this point, we can take a rescaling limit to find that the solution becomes a fibration 
over two-dimensional Minkowski space. We refer to this solution as warped fiat space 
(VFM^'^). On the other hand, WAdS^ is a solution for all A < and reduces to AdS^ at 
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Fig. 1: Sea of Warped Vacua in the TMG Parameter Space. 

^2^2 _ g chiral point //^^^ = 1 the WAdSs solution has < 1. These properties 

are shown in figured) 

2 Framework and Geometry 

Our story begins with the action of topologically massive gravity (TMG) [TJ [2] which is 
given by 



= 16^ / '^'"'^ ^ - 2A + i-e^^-r^^(9^r^, + ^r-,ri^, 



(2.1) 



The non-Hnear equations of motion for TMG with a cosmological constant A = zbl/£'^ or 
A = are given by 

Rf^u - \r9i^u + A5/.1. + -C^^ = Q^v + -C^,^ = (2.2) 

where 

C^v = e^'^^VaiRp. - \gp.R) (2.3) 

is the Cotton tensor and e^^'^P is the Levi-Civita tensor. We take v = to be positive 
in what follows. 



5 



2.1 Geometry 



The basic geometry we will focus on is the vacuum solution known as spacelike warped 
anti-de Sitter space, with metric: 



diT 

-(1 + r^)(iT^ H ^ + a^idu + rdrf 

1 + 



(2.4) 



where {r,T,u) G [—00,00]. The boundary resides at r = ±00 with fixed u and also at 
u = ±00 for fixed r. The parameter is known as the warp factor and can in principle 
take the value > 0. When the warp factor is greater (smaller) than unity the spacetime 
is known as stretched (squashed) spacelike WAdS^. For a} = \ the geometry reduces 
to AdS-i in global coordinates. The Ricci scalar of the above geometry is constant and 
given by 

R~ (2^5) 

Thus, the solution has negative curvature only in the region c? < 4, positive curvature 
in the region a? > A and vanishing curvature for the region = 4. 

We further note that for the particular geometry there is an SL{2,M)ji x U{1)l 
isometry where the U{1)l is non-compact. The Killing vectors are given by [24J 

~ V I 2 sill T 

Jl = 2smT—= dr — 2 cos Ty' 1 + r'^dr -\ du (2.6) 

Vl + r2 Vl + r2 

~ v I 2 cos T 

J2 = -2cosT— ==dr -2 sin T\/ 1 + r'^dr -j==du (2.7) 

V 1 + V 1 + 

Jo = 2dr; J2 = 2du (2.8) 

where the quantities with a tilde generate the 5^(2, M)/j and J2 generates the U{1)l- 

The metric 12.41 is geodesically complete [23^ and furthermore only the constant 
r slices are spacelike for all r thus rendering r as our global time coordinate. When 
< 1, (?T- is a globally timelike Killing vector, however for > 1 it becomes spacelike 
for large r. Thus our spacetime for > 1 looks like the region within the ergosphere of 
a rotating black hole and there can be no static observers. It is global identifications of 
this spacetime with > 1 that give rise to black hole solutions with no CTCs outside 
the horizon [9]. 

Finally, we would like to point out that the geodesies of spacelike WAdS^ behave 
qualitatively different for greater or less than one. For > 1 the null geodesies all 
escape to infinity as well as some of the timelike geodesies. For < 1 null geodesies 
with non-zero momentum along u are confined as well as all the timelike geodesies. 



3 Warped anti-de Sitter Space 

As was already mentioned in the introduction, WAdS^ appears as a vacuum solution to 
TMG for all values of the cosmological constant. In terms of the TMG parameters the 
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metric is found to be 



ds 



TT -dr^l + r^) + -—^ + {du + rdry 

[y^ + 3e) [ \ + + 3e 



(3.1) 



where e = {-1,0, +1} for A = -e/^^ g^j^^j jji ^ ^2/(^j^2 _^ 3^^,^ -pj^g j^j^,^,^ g^^^^^^ ^j^jg 
metric is R = — 6e/£^ and thus shares the sign of A as imphed by the TMG equations of 
motion. Notice the fohowing: 

• When A < the warp factor = 4z^^/(z^^ + 3) satisfies the bound a? < 4. The 
special point in the parameter space is clearly = 1 where the metric reduces to 
AdS3. 

• When A > the warp factor = 4i/^/(z^^ — 3) satisfies the bound a? > A for 
v"^ > 3. When < 3 the geometry has a different interpretation which is discussed 
in sections [H and [5l 

• When A = the warp factor = 4 is fixed and lies between the two aforementioned 
bounds. 

We can also obtain the timelike warped vacua by analytically continuing r — )• m and 
u — >• —IT in 13.11 However, timelike WAdS^ is free of CTCs only when < 1 [23j, and 
this can only occur for A < 0. We will now continue on to discuss the warped black hole 
solutions for all values of A. 



3.1 Warped Black Holes 

Discrete global identifications of WAdSs along Killing directions were shown [9] to give 
the warped black hole solution [U EJ 13 |T5] which for general A = — e/£^ become 

C.2 



— =dt'+ -hvr- ^r+r_(r/2+3e) dtdO 

i-^ (z^^ + 3e)(r — r+j(r — r_) V / 

+ J (^3(i/2 - e)r + (z^2 + 3e)(r+ + r_) - AuyJ r+r^{v'^ + Ze)^ dO'^ (3.2) 

with r > C0, t G [—00, 00] and 6^6 + 27r. The inner and outer horizons are given by r_ 
and r_(_ respectively. As for the vacuum geometry, for A > we consider these solutions 
in the region z/^ > 3. 

The Killing direction identified is the following 



de = T:i 

where 



Tl J2 - Tr J2) (3.3) 



87r£ OTTt \ V I 



^We can in fact extend r to negative values, to get the geodesically complete spacetime, see for instance 

El. 
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are interpreted as the left and right moving temperatures of the thermal state that the 
black holes correspond to in the proposed dual CFT [9]. 

The Chern-Simons corrected entropy |25[ [26l [271 EH] of the warped black hole, com- 
puted in [8], is then given suggestively by 

Stmg = {Tlcl + Trcr) (3.5) 

where 

This is precisely the form of the Cardy formula for a 2d CFT with right and left moving 
central charges cl and cr. 

As simple and heuristic consistency checks, [9j noted that the central charges do not 
depend on the intrinsic properties of the black hole, and their difference matched the 
diffeomorphism anomaly computed holographically by [17j 

CR- CL = (3.7) 

which is independent of e. For A < 0, they reduce to the known central charges of AdS-^ 
for ^ 1. Furthermore, for — )• cxd we find that both central charges tend to zero which 
is consistent with the fact that this is the limit where gravity becomes highly curved. 

These observations suggest that the theory is holographically dual to a two-dimensional 
CFT with the given central charges [9j. By studying the asymptotic symmetries, [16j have 
managed to verify cr for a particular set of boundary conditions. Clearly, these obser- 
vations and the analysis of the asymptotic symmetries carry forward to all values of the 
cosmological constant. 

3.2 Einstein Central Charges 

One can also compute the Bekenstein-Hawking entropy in the case that the above metric 
appears as a solution to theories of gravity coupled to matter but with no gravitational 
Chern-Simons term |30] . We find that it satisfies the following equation 

Sbh = ^ {clTl + crTr) (3.8) 

with 

CL = CR = (3.9) 

We can propose these as the relevant central charges for theories of gravity coupled to 
matter but no gravitational Chern-Simons term. Notice that when = 1 they agree 
with the well known Brown- Henneaux central charges [10] since = £^/4 in that case. 
The right moving central charge was verified in |31] for the case of topologically massive 
electrodynamics in the region < Note that they are in fact equal due to the absence 
of the diffeomorphism anomaly. 



We should note that for a < 1 the black holes have naked CTCs and it is not clear whether they 
are part of the physical spectrum. Thus the proposal is much weaker for < 1. 
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4 Warped Flat Space 



If we look at the warp factor for A > 0, we notice that z^^ = 3 is a special point where it 
diverges. In this brief section, we proceed to study the solution that appears for i^^ = 3 by 
taking a rescaling limit. Furthermore, we consider identifications of the resulting vacuum 
and find solutions with horizons. 



By redefining the coordinates in 13.11 as: 



\/3 — z/^f and u 



(3 



)u and taking the limit (3 



we find that 13.11 becomes 



df'^ + dr^ + 12 {du + fdff 



(4.1) 



where f,f,u £ [—00,00] and the Ricci scalar of the above metric is given hy R = 6/£^. 
We can describe the geometry of 14.11 which is a solution to TMG with A > only 
when = 3 (i.e. ^2^2 ^ 27), as a fibration over two-dimensional flat space along a fiber 
coordinate spanning the real line. We refer to this solution as warped flat space or VFM^'^. 
Global identifications of VFM^'^ were discussed in |29j in the context of TMG coupled to 
a Maxwell theory with an electromagnetic Chern-Simons term. Indeed, following j29j, 
we find that 



ds^ = t 



-2^^pdt^ + + I2{du + {p + oj + i)dtf 



(4.2) 



is related to l4.1l bv a coordinate transformation. The above solution has a Killing horizon 
at /O = 0. If we identify t ~ t + 27r the solution becomes a causally regular black hole in 
the parameter range w > — ^/2, where CTCs are absent. 
As usual we also find that the 'timelike' case. 



ds' 



dx^ + d]f 



12 {du 



xdy)^ 



(4.3) 



is a solution for A > and z^^ = 3. The 'timelike' solution was found in [B] where the 
special point 1/^ = 3 was also noticed. Furthermore, [6j obtained the 'timelike' solution 
in global coordinates: 



ds'^ = f [dr^ + r^de^ - 3{dt + r^dOf 



(4.4) 



Notice that we must impose the periodic identification 9 ^ 9 + 2tt for regularity at the 
origin. The periodic identification of 9 gives rise to CTCs for large values of r. 



5 Warped de Sitter Space 

We now move on to study a non-Einstein de Sitter like solution, i.e. with a cosmological 
horizon, and discuss some of its properties. Interestingly, we will find that global identifi- 
cations may lead to smooth, causally regular solutions containing a horizon in addition to 
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the cosmological one. It is worth noting that this does not occur for gfobal identifications 
of three-dimensional de Sitter space which contains no smooth BTZ hke solution^. 

When we have a positive cosmological constant and i/^ < 3, the r coordinate in 13.11 
becomes timelike and the geometry has a significantly different interpretation. In fact, 
the base space that is fibered over is two-dimensional de Sitter space, dS2- To go to the 
static patch, we can analytically continue to r — )• and r — t- —it to obtain 



ds 



(3 - 



-dt\l - r^) + ^ + ^ {du + rdty 

(1 — r^j (3 — v"^) 



(5.1) 



with r,t,u E [— oo, oo]. This is an everywhere Lorentzian metric which is precisely a real 
line fibration over two-dimensional de Sitter space. We can rewrite the warped de Sitter 
metric as 



ds^ = 



-dt^{l - r^) + + a^{du + rdtf 



(5.2) 



(1 

which has a Ricci scalar = (4 -|- a?)/2L? which is always positive. Thus, this solution 
can only be supported in TMG by a positive cosmological constant. This is unlike 
warped anti-de Sitter space which, as we saw, can be supported by a positive, negative 
or vanishing cosmological constant. 

Another difference with warped anti-de Sitter space is that the above metric does not 
reduce to dS^ for any value of v. On the other hand, when = 1 the metric exhibits a 
cosmological horizon as is usual for de Sitter space. In subsection 15.21 we will also write 
the metric in global coordinates. 

The isometries of the above metric (for < 1) are given by 

2 cosh t 



Jl = —2 cosh t dt — 2 sinh ty^ I — r'^dr -\ — du (5.3) 

V 1 — yl — 

~ T I 2 sin n f 

Js = -2sinht^==9i-2coshtVl^72a^ + ^==a„ (5.4) 



r 



Jo = 2du J2 = 2du (5.5) 

As in the case of WAdS^ they comprise of an SL{2, M) x U{1) due to the fact that the 
isometries of dS2, which are given by an SL{2,M), are preserved by the fibration. 

5.1 Identifications of WdS^ 

As before, we can consider discrete identifications of the geometry along Killing directions. 
We immediately note that there will exist self dual type solutions upon identifying u ~ 
u + 2iTa [35j for both timelike and spacelike WdS^. 

Identifying along more general Killing directions would give rise to particle like objects 
with conical defects reminiscent to those studied in [36l [371 ESI EH] or objects with CTCs. 
Indeed, the warped black hole metric for < 3 becomes 



^Very interesting asymptotically dSs black hole solutions have been found in new massive gravity 

[321 [M El 
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lT = dt'+ (.2 _3)(. + - + Vr.r_(-.2 + 3)) dtdO 



+ - (^3(z.2 ^ _^ (j^2 _ 3^^^^ _ Au^/r+r^{-v'^ +2>)j dO^ (5.6) 

where 0^6 + 2tt. The above metric has the same coordinate invariants as WdS^. Note 
that for the above metric to be real in the region i/^ < 3 we require r-|_ and r_ to be 
both positive (or both negative). Since ggo has two real roots, r^i = and rs2, the above 
metric contains CTCs in the region r S {Tsi,rs2) which are not shielded by the inner 
horizon at r = — r_. 

More interestingly, there is also a solution of TMG with A > that contains horizons, 
but no CTCs for certain regions of parameter space. Its metric is given by [8] 

ds^ ,2 df"^ ( 3(1/2 + l)u;\ 

4 V 3(z.2 _^ 4i.2 y 

where 6 ^ + 27: and > 0. The above metric is related to 15.61 by a simple coordinate 
transformation for the region uj^ < Av'^r\/'i{v'^ + 1) (see appendix [B]) . Notice that even 
though there is a cosmological horizon sX f = and an additional horizon (with a 
different Hawking temperature) at f = — r/j, there are no CTCs in the parameter region 

3(zv^ + 1) 



thus rendering the solutions non-pathological in this region of parameter space. Both [5^ 
and 15.71 share the same asymptotic structure. The thermodynamic properties of 15.71 for 
z/2 > 3 were explored in [8], and we hope to study the thermodynamics for < "i m. a, 
future work. It would also be interesting to explore the asymptotic symmetry group of 
WdSj, and see whether the entropy of the above solutions can be reproduced by a Cardy 
formula. 



5.2 Global Coordinates 

We can write the metric ISTTl in global coordinates as follows. 



ds^ 



e 



(3 - Z.2) 



-dr^ + cosh2 Tddr + 



41.2 



(3 - ^2) 



[du — sinhri 



(5.9) 



where (j) ~ (j)+2TT. Note that asymptotically, for large r the boundary is given by spacelike 
circles at r — t- ±00 for all v'^ < 2>. As — >• we the metric degenerates to ^5*2 x M. The 
isometries of the above metric are given by 



Jl = 2 cos (j)dr — 2 sin (j) tanh rds H du 

cosh r 



(5.10) 
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J2 

Jo 



2 sin (l)dr + 2 cos (p tanh rd^ 
2d A,- J2 = 2du 



2 cos (j) 
cosh r 



du 



(5.11) 
(5.12) 



If we analytically continue 15.91 by taking r 
metric: 



(3 



d6'2 + cos^ 



i9 and u 

41/2 



iu we get the following 



{du + sin 0^0)^ 



(5.13) 



(3 - u^) 

This metric can be referred to as a timelike warped de Sitter space and it is also a 
solution to TMG with A > 0. It amounts to a real line fibration over the two-sphere, 
i.e. Euclidean dS2- For ^ this metric degenerates to x Mtime- Note that if (j) is 
identified, timelike WdSs has CTCs for u"^ G (0,3]. 



5.3 Geodesies 

We would like to study the null geodesies of global warped de Sitter space. There are 
two conserved quantities given by the two manifest isometries (^^^^ = d^j, and = du 

The equation governing the null geodesies is given by 

/ , \ 2 

p2 + a2(£;sechT+p tanh t)2 - a^L'' fyj =0 (5.15) 

where = 4z/2/(3 — u"^^ and = — u'^). Finding explicit solutions for t(A) is not 
an easy task. However, we can solve the equation asymptotically and find 



r(A)~±p'\/i±^A (5.16) 



It is also easy to see that u{X) — )• 00 only for infinite A and thus our spacetime is 
geodesically complete. Note that the geodesies behave qualitatively the same for all 
unlike the case of WAdS^. 



6 Warped de Sitter Thermodynamics 

Having discussed the WdSs metric, we are in a position to explore the cosmological 
horizon and its associated Hawking temperature. We also consider a particular Eu- 
clideanization to the solution, leading to the squashed three-sphere, that solves a set of 
real TMG equations of motion. 

We begin by noting some further properties of the metric in the static patch coordinate 
system. There are two manifest Killing vectors, dt and du- The norm of dt is given by 

\dt\^ = -{I - r^a^ + 1)) (6.1) 
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Thus when < l/(a^ + 1), dt has negative norm and at = l/(a^ + 1) we find its norm 
is vanishing. Thus we identify = 1/(0^ + 1) as a stationary limit surface. Constant r 
hypersurfaces are found to be timehke for r"^ < 1 and spacehke for > 1. At r'^ = 1, 
g"^"^ = and there is a cosmological horizon for the static patch observer. 

The vector = Cm ~^^^^u) vanishing norm at the horizon for uj = —1. From 
we can obtain the surface gravity at the cosmological horizon 



'^' = -o(V^X.)(V'^x'^) = l (6.2) 



Having obtained the surface gravity at the horizon we can read off the Hawking temper- 
ature which turns out to be 



The existence of a cosmological horizon at = 1 in the static patch coordinates 
implies an associated entropy. The entropy will consist of the usual Bekenstein-Hawking 
piece as well as a correction due to the gravitational Chern-Simons term. We can compute 
the area of the horizon at fixed r and t and find that it diverges as J du. Thus, the entropy 
itself diverges in the same fashion. This is qualitatively different from the dS^, case whose 
entropy is finite. 

In the case of the self dual solution, with u ~ u+2'k we can compute the Chern-Simons 
corrected entropy. For v"^ < 3, we find it to be 

^"^'^ - 3G(3 - u^) ^^■^> 

It is tempting to relate the periodicity of u to a left moving temperature. Using the same 
prescription as in 13.31 we find = 1/2-^1 such that the entropy reads 



Swds = -^clTl; Cl = 7777^ — ^ (6.5) 



This is the form of the entropy of two-dimensional conformal field theory with left moving 
central charge cl at temperatures Tl and Tr = 0. We hope to explore this suggestive 
observation in future work. 



6.1 Euclideanization 



One can also consider a particular Euclideanization of WdS^ by taking r 
and V ^ V = iv leading to the metric of the squashed three-sphere: 



ds^ 



e 



(3 + 



de"^ + cos^ 



+ 



(3 + P' 



(dip — sin 9 d(j)y 



-iijj 



(6.6) 



When = 1 the metric becomes that of the three-sphere expressed as a fibration which 
is the Euclideanization of dS^. The identifications of the squashed sphere are generated 
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by {0,ip) ~ (0 + liTjip lb 27r). One can see this by looking at the metric near ~ —tt/2 
and 9 ~ +7r / 2 and considering loops in the 9 direction keeping tf^^cj) fixecfl. We can also 
consider lens spaces of the above by changing the identifications of ip. 

Note that the above metric is a solution to the following Euclidean TMG equations 
of motion 

(^Rij - ^Rgij + ^gij^ + jdj = (6.7) 

where we have defined fl = SD/i. The Euclidean equations of motion above are real and 
thus somewhat different from the typical Euclidean equations of motion coming from 
Chern-Simons theories which are complex. 

It is interesting to compare the above Euclideanization of WdS^ to one which is 
perhaps more relevant to WAdS^. If we analytically continue WAdS^ for A < by 
taking t ^ ir, u ^ —iu and ly ^ D = iv we obtain the following geometry: 



ds^ 



(3 - 



dp + cosh pdr + ^ (du — sinh pdr) 

(3 - u^) 



(6.8) 



which can be interpreted as a squashed three-dimensional hyperbolic geometry. We can, 
as usual, also consider global identifications of the above metric along Killing directions. 
This geometry has negative curvature for all values of real P and is a solution to the 
following Euclidean equations of motion 



Rij - - -^9ij^ + jCij = (6.9) 



Note that these equations of motion with a negative cosmological constant are different 
than those discussed recently in the context of Chiral Gravity [40] which are complex. 



7 Scalar Waves in WAdS^ 

In this section we wish to analyze asymptotic solutions to the massive wave equations for 
a scalar in the background of spacelike WAdS^. Our reason for studying massive scalars 
is that pure TMG has a single propagating degree of freedom [HI HSJ SU US] which 
at the linearized level behaves like a 'massive scalar' in the background geometry. The 
linearized massive wave equation we wish to consider is given hy^ 

5^"V^V,0 = m^(t> (7.1) 

Choosing an ansatz of the form (j){t, r, u) = e~*'^*+*'^'"y(r) with A; € M the solution of 
17.11 is given by a linear combination of two hyper geometric function^. Asymptotically 

*We thank Frederik Denef for clarifying this point. 

^Scalar wave equations in the warped black hole background 13.21 have been considered in [461 1471 H5] . 

®This solution can be found in [49] for a scalar in WAdSs and WdSs since we can interpret these 
scalars as charged massive scalars in AdS2 and dS2 as we shall see. We present the explicit solutions, 
along with a brief discussion of scalars in timelike WAdSa in appendix [Cl 
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we find that the WAdS^ solution behaves as 

,M~H-*; ,^^}.^Vl±ME^^IlI^ (7.2) 

where 

a'^ = Au'^/{u^ + 3e); = + 3e) (7.3) 

where we have defined e G {0,ibl} such that A = —e/i"^. Notice that when = 1, 
the falloff becomes k independent and matches that of AdS^. Indeed, for = 1 and 
u ^ u+2'K the explicit solutions to l7. II (given in the appendix for all values of a^) have been 
analyzed in [50]. The solutions take the form of a sum of two independent hypergeometric 
functions with the above falloffs. Requiring that the scalar be single valued in the complex 
coordinate plane leads to a quantization condition for the normalizable modes of the form 

Wn = ±(A+ + n); nGZ+U{0} (7.4) 



If this condition is imposed, |50| concluded that the normalizable solutions become pre- 
cisely descendants of the highest weight modes which we discuss in 17.11 We find an 
identical condition for scalars in WAdS^, as discussed in appendix [Cl 

When a? > 1 the falloff becomes complex for large values of k and when < 1 the 
falloff remains real for all m^Lp' > — 1/4. A complex X± implies that there is an ingoing 
or outgoing flux at the boundary. We will address this issue in section 17.41 

7.1 Highest Weight Solutions and Conformal Weights 

Given the isometries of the background solution and in light of the quantization condition 
17.41 we are lead to consider solutions in the highest weight representation of the SL{2, M). 
To do so, we impose the first order condition 

L+\^) = 0, Lo\^) = hsc\^) (7.5) 

where L± and Lq are given in the appendix and h^c is the conformal weight. The wave 
equation can then be written as 

I [WL- + L_L+) -Ll- ^^^^dl = -m^L^ (7.6) 
Once again, choosing an e*'^" dependence we find the expected dispersion relation 



_ 1 y/l + 4m2L2 + 4fc2(l - a2)7fl2 
hsc — - i ^ (7.7) 

The explicit form of the solution is given by 

(t){T, r, u) = ^fcft^^e-*'^-^+*'="e^*'''^"' '■(1 + r2)-^-/2 (7.8) 

The descendant modes are obtained by applying the lowering operators Z/_ to the above 
highest weight modes. Their energy is given by ujn = hgc + n where n is a positive integer. 
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and they share the same large r asymptotics. Thus the highest weight modes naturally 
satisfy the condition 17.41 

Note that if we require the energy, hgc, to be real then we require \± to be real which 
boils down to the condition 

m^L^ + fc2(l -a2)/a2 > -1/4 (7.9) 

For 0? = 1 this is simply the Breitenlohner-Freedman bound for three-spacetime dimen- 
sions as we should expect. For a? < \ the bound is again always satisfied in the region 
m'^Lp' > —1/4. For a? > 1 however the bound is not satisfied for large values of k and 
this is qualitatively different from the case of AdSz- 



7.2 Normalizability 

Given the scalar wave equation, we can define a conserved inner product given by 

(ni,n2) = i j (fxy/^g''^{u\d^U2 - U2d^u\) (7.10) 

where ui and U2 are solutions to the wave equation and S is a fixed r slice. If our mode 
is of the form cj) = e~*'^'^+*'^"/(r) then the norm is given by 

,7.11) 

For 7^ and large values of r we have 

(<t>,^)- jd'x-j^ (7.12) 

and thus our modes are normalizable for ^[h] > provided that we are considering 
wave packets with finite support in the w-direction. Thus for small enough values of k 
and positive m^, the A_ modes are not normalizable whereas the A+ modes are always 
normalizable. In the region —1/4 < m?L'^ < both sets of modes are normalizable. 



7.3 Massive Gravitons 

In [11] the conformal weight of the massive gravitons was obtained 

^^^^^^i^^^iW^oTWZZW ,„3, 

The above conformal weight has precisely the form of the conformal weight of the scalar 
17.71 so long as the graviton has the following mass 

mlL^ = {l-a^) (7.14) 

This resonates well with the notion that the massive gravitons in TMG are given by a 
single scalar degree of freedom. Indeed, it was found in [51] that for A: = the metric 
perturbation obeys a scalar wave equation with the above mass. What is interesting 
is that the mass of graviton becomes tachyonic for > 1 and saturates the A; = 
Breitenloner-Freedman bound at = 5/4. 



16 



7.4 Superradiance 

We can delve somewhat further into the notion of a complex X± by reproducing an 
argument in [52]. In the regime of complex \±, we can use the WKB approximation to 
obtain the effective wavenumber k. We can read this off from the wave equation 

^ i dy{r) ^ _^ 1 

y{r) dr (1 + r2)i/2 

assuming masslessness for simplicity. Then the group velocity is given by 

-T—4 2 7.16 

Notice that k is only real for large r when c? > \ and this is the case we should consider. 
The phase velocity is given by Vphase = as usual. What [52] point out is that for 
< (fc > 0) and large positive (negative) r the group and phase velocities have opposite 
signs. 

Consider sending a wave with A; > and a; > which is emitted at large positive 
r and travels in the negative r direction. When r reaches a value where the root in 
17. 151 changes sign, the wave will encounter a potential barrier. The resultant transmitted 
wave will have positive group velocity at large negative r which implies a negative phase 
velocity. Now the energy transport rate carries the same sign as Vphase |52j implying that 
there must be energy transported toward r = oo from the transmitted wave leading to 
energy flux transmitted through r = oo. Thus, there must be a net flux of energy across 
r = oo implying the reflected wave has more energy than the initial emitted wave. We 
refer to this phenomenon as superradiance. 



{uj + krY k^^ 
1 + 



(7.15) 



Vqroup — i ; y 

LO + kr 



7.5 Schwinger Pair Production in AdS2 

If we identify the u-direction as u ~ u + 2tt, so that k is quantized, we can interpret 
our spacetime as an AdS2 background with a constant electric field and an infinite tower 
of massive Kaluza-Klein excitations. Each Fourier mode of the three-dimensional scalar 
field is then given by a charged two-dimensional scalar field in an AdS2 background. The 
equation of motion of such a scalar is given by 

g''" (V;, - iqA^) (Vu - iqA,) if = mlij^ (7.17) 

where the hatted metric is that of AdS2 with anti-de Sitter length £2 and we are working 
in the limit of no backreaction. In fact, the above equations of motion are identical to 
17.11 for each Fourier mode so long as we identify 

mlil = m^L^ + k^/a^] qA^^dx'' = krdr (7.18) 

such that the electric field is given by qE = k. Now we can borrow the analysis of [21j 
on charged scalar fields in an AdS2 background with constant electric field. We notice 
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that our condition for superradiance in 17.91 can be expressed as 

mltl<-l/A+{qEf (7.19) 

which is precisely the condition for Schwinger pair production in Note that the 

electric field has to overcome more than just the mass of the charged scalar due to the 
confining anti-de Sitter potential well [21]. The production rate is given by 

r ~ g-27r(g£;-V(<ji?)2-mi«i-l/4) 

In this picture, the limit — )- 1 is the limit in which the contribution of the 
Kaluza-Klein mass exactly cancels the strength of the electric field and thus the usual 
Breitenlohner-Freedman bound is obeyed. When > 1 we find that the electric field 
is outweighs the Kaluza-Klein mass and leads to pair production, whereas when < 1 
the Kaluza-Klein mass outweighs the electric field and there is no pair production. The 
above observations fit in nicely with the idea that for o? > 1 timelike geodesies are no 
longer confined and that the graviton mass becomes tachyonic. 



8 Scalar Waves in WdS-^ 

We now proceed to study scalars in WdS'^. Choosing once again an ansatz of the form 
(f){t, r, u) = e^^^^^^^^y(^r) we find asymptotically that the WdS^ solution behaves as 

, , 1 - 4:m^L'^ - 4fc2(l + a2)/o2 , , 

y(r)~r-±; u;± = -±^ ^ ^ (8.1) 

where 

a2 = 4zyV(3 - i^^), = ^V(3 - i^^) (8.2) 

Note that r is asymptotically a timelike coordinate and thus the interpretation of the 
falloffs is rather different. What we find are modes that decay in time with an oscillatory 
behavior, which resembles the behavior of modes in a regular de Sitter background [221 
154] . The falloffs are real for a small window of parameter space given by 

^2^2 ^^2 (1 + ^^1/4 (8.3) 

If we try to obtain highest weight solutions for the above wave equation we find that the 
conformal weight becomes complex when the 18.31 bound in violated. We will refrain from 
interpreting the complexity of the conformal weights as an indication that the theory 
is non-unitary or whether we should consider different representations of the isometry 
group for future work. 

similar story is found for scalars in the NHEK geometry [SH] 
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8.1 Schwinger Pair Production in dS2 



Once again, if we identify u ~ u + 27r we can interpret WdSj, as dS2 with an electric 
field and infinite tower of massive Kaluza-Klein modes. Each Fourier mode of our three- 
dimensional scalar becomes a charged massive two-dimensional scalar. The condition for 
Schwinger pair production becomes [551 IMl US] 

mill + {qEf > 1/4 (8.4) 

where again m'^i'^ = m?Lp' + k"^ /a? and qE = k. Oi course particle production in ^5*2 is 
not a novel phenomenon and it happens even in the absence of an electric field for large 
enough values of the mass [571 ESI ISH [60l [61] • The presence of the electric field simply 
enhances this effect. 

The reason particles are created in the context of dS2 is related to the mismatch 
between the ingoing and outgoing vacua leading to a non-trivial Bogoliubov transforma- 
tion. The condition 18.41 translates to the requirement of a real absolute value squared of 
the Bogoliubov coefficient |49) . On the other hand, AdS2^ which is a time independent 
background exhibits no particle production in the absence of an electric field. 

8.2 Schwinger Pair Production in W}'^ 

We can also analyze scalar waves in the M^M^'^ background 14.11 where we find that the 
k^^ mode of a massive three-dimensional scalar reduces to a charge massive scalar in 
two-dimensional flat space with parameters 

mll^ = m^f + k^/l2] qAf.dx'' = krdt (8.5) 

such that again the electric field is given by qE = k. It is interesting to note that in 
contrast to the case of charged particles in AdS2, Schwinger pair production in M}'^ 
occurs non-perturbatively for arbitrarily small electric field with a production rate 

r ^ e-'"2^'/2'^^. (8.6) 

We can solve explicitly for scalars in VFM^'^ to find 

0(t, r, u) = e— {D,^ (z) + D,_ {-z*)) (8.7) 

where 

1/ ifm^ ik\ (l+i)(kr + uj) , , 

^^± = 7: -1± — ; — ± tt: h ^~ 



1\ k 12 J' ^ 

and Du{z) is the parabolic cylinder function. 
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A Highest Weight Isometries 

The Killing vectors for the SL{2,R)ji of WAdSs are 

L± = ±e^''^ (^=^ dr ± Wl + r^dr + -j=L= d^) (A.l) 

Lo = -idr (A.2) 
and they obey the usual SL{2,W) algebra under Lie brackets: 

[L+,L_] = 2Lo, [L±,Lo] = ±L±, [J2,U] = 0, iG{0,±} (A.3) 

B Coordinate Transformation 

The metrics 15.61 and 15.71 are related by the coordinate transformation 



and we relate the parameters as 



= 3(1;^ - + ) ' ^^ = i(^++^-) 

Recall, that the above parameters are relevant in the region i/^ < 3. Imposing r+ > 
and r_ < to be real implies that cj^ < 4z^^r^/3(z^^ + 1) in the 15.61 coordinate system. 
This is the region that contains CTCs. 

C Exphcit Solutions, TimeUke WAdS^ Scalars 
C.l Explicit Solutions 

We obtain the explicit solutions for the k^^ Fourier mode of the three-dimensional massive 
scalars by realizing they are solutions to the following two-dimensional wave equation 
given in 17.171 

g^" (V^ - iqA^^ (V, - iqA,'^ ip = mlll^ (C.l) 

where 

mlil = m^L^ + k^/a^] qA^^dx^ = krdr (C.2) 

The hatted quantities refer to AdS2 and we are assuming u ^ u + 2it. The solutions to 
the above equation we obtained in |49j and are given by 

ipM,r) = e-"^^z^/\l-zr*/^ 

X [ciFifi, V- r, z) + C2Z^-^F{fi - 7 + 1, 1/ - 7 + 1; 2 - 7; z)] (C.3) 
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with 



n 

At 
7 



uj + ik 

2 

n + n* 



/t2 



2^2 



1/4, 1. = / 



n + 



1 + ir 



(C.4) 
(C.5) 
(C.6) 



In fact, redoing the analysis of [50] for the above solution we find that demanding 
singled valued solutions in the complex coordinate plane, there is a quantization condition 
for the normalizable solutions of the form 



UJr, 



±(A+ + n); neZ+U{0} 



(C.7) 



in the region where A+ is real. This follows from the fact that our scalar equation of 
motion ITU is related to (3.11) in [50] by replacing their /i^ with {'im'^L'^ + Ak'^{l — a'^)/a'^). 
Thus, following [50j, we can relate the above solutions to the highest weight solutions 
and their descendants obtained in 17.11 

Similarly, |49] obtained the solution for a charged massive scalar in dS2 and the 
solution is related to the above solution by an analytic continuation. In this case, we 
have 

X [ciF(/x, ly; 7; z) + C2Z^~^F{fi - 7 + 1, 1/ - 7 + 1; 2 - 7; z)] (C.8) 

with 



n 

7 



-- K + ik 
n + n* 



k^ + 



m: 



2^2 



1/4, v = ii* 



n+-; z 



1 + i sinh r 



(C.9) 
(C.IO) 
(C.ll) 



C.2 Timelike WAdS^ Scalars 

The treatment is very similar to the spacelike case. The global timelike WAdS^ metric 
in global coordinates is given by 



with isometrics 
Jo 



2 sinh u 



(1 + r'^)du^ + 



1 +r2 



{dr + rduY 



dr — 2 cosh u\/r^+ldr + 2 tanh 



u 



(C.12) 



(C.13) 
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2 cosh II I V 

Jl = ; a^ + 2sinhuVr2 + ia^-2tanhn , du (C.14) 

J2 = 2du (C.15) 

which obey [Ji, J2] = 2Jo, [Jq, Ji] = -2J2, [Jq, J2] = 2Ji and [Ji,dr] = 0. 

Choosing the ansatz (j){T,r,u) = g-«'^'^+«'="y^7-)^ give here the asymptotic behavior 
of the solutions near r = ztcx) 



Note that A± now depend on the frequency w rather than the k and are always real only 
for > 1. 
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